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PART 1.

. REPORT No. 1.

EXPERIMENTAL ANALYSIS OF INHEMNT LONGITUDINAL
STABILITY FOR A TYPICAL BIPLANE

By JEROMEC.HUNSAKER

AErroLE 1.

INTRODUCITON.

A model of span 18 inches, represen “ a
% P“”%%%%bi lime, was tested in the wind tunnel of e assachusetts

?o Technology. The lift drift and pit@ing momant were measumd
for a series.of angles $1 incidence comes ending to the maximum
possible changes of

%
ht attitude. OIIFy the discussion of sym-

metrical or longitudin changea is given here. A re ort on the
%lateral stability of the same model is reserved for a Mar ata. From

the observed rate of variation of the forces and itching moment, it
was possible to calcdak the $‘ ‘derivativ~” nm MI in the com ]ete

!theory of Iongitudip~ stability in still air. The damping o “’@e
pitching oscillation was ,also detmmined Experimentally.

The method followed is that of L. Baixstow in his exte&ion of
I&&& &xy. Notation also follows I@i.r@w. The value of

mimiimnt, which Bryaq hhs shown to be a measure of
dynamichl 10 “tudipal stability h~ beau @culatad for six speeds,

%ranging from q mhum to t~e minimum powibIe speeds for the
aeroplane f#pe selected. The princi al oint of interest brought

Hout m this confection @ that stab,” ty ails off rapi ~ as s eed
decreases’dr angle of att~k increase+, and that while $saero#3ne
appears to’ be vtiq &@le at high spee+, it, ti fraddy uqstab e, it
speeds lmlo~ 47 @lea per’qourl

w ins~bility at low sp@s’ tak@sthe fop of an @@@on~~
pitd cbmbmed with cbingmg, in foqvard :sp,eed and a

Ysinking of the whole’hmo we, which, therefqre, fo~ows qqtidu tory
%fEght path. The erio of the undulation IS about 12 seconds, and

fthe amplitude dou lea itself in 1sssthan 20 secomis. Obviously, the
pilot can not safely abandon his controls at slow eed.

5!The importance of ~ demonstra@d @tab” ty at lo-iv eeds
should be a pimiatM in view of recent accidents wi+

I
4 - .WY-

aero lanes w en operated at slow speeds.
Ti?e entire investigation of inherent longitudinal stability was prw

liminary to the discussion of the effect’ of-wind .
P

Naturally it
Jwas iirst necessary to iind a stable amoplane an to ‘obtain borneI ea
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of the “
T

“ of stabiIity. It now appears that a typical aeroplane ‘
is inherent y stable iu the sense deiined at high speeds onl . The
effect of gusts on the uncontrolled aeroplane

?
th~ore, be

investigated only for the high-s eed comhtion. At ow
& 3

cads the
aeroplane can not be left to its inwtill air. Consequen y, a dis-
cusnon of ita certain destruction if abandoned m gusty air appeam ●

unprofitable.
AaTIorJ3 2.

MODEL A&D PROTOTYPE.

The
‘ii!%

‘selected is a high-kpeed milit biplane
tractor own es %Jilt?. Shop lans of this aerop e were

fkindly furnished by the C?ortimAerop ane Co., Buffalo, N. Y., to
whom aclmowledgment must be mad? for much valuable assistance,

:;%%?z%%%z$;yof momm’of’da’e’”’ “ e
The principal dimensions of e aeroplane vvere~ed as follows:

Weightfullload.. .. . .. .. . .. . ..- . . . . . . ..--... -... - . . . ..pmll(lll- &soo
Brakehormpower.... . . . . . . . . . . . . . . . . . . . . . . . . . . . . .~-- .~o~m~dfor d~ti..-..- . . .. . . . . . ..d~~rhm.. 79
Mi&nqmpeedfor&alatins......_.... __.._.._. do...- 43.7

mea(includingailenme). . . . . . . . . . . . . ..qlarefwt.- 3-s40
kfi%ti .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ...*.... 23.0

I. Areahorizontalrudder. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .do:.:. 19.0
AreaVOltiCEdrndder... .. .. . .. .. . .. . . . . . . . . . . . . . . . . . . . . . . .

%%

do---- 7.8
ofwiqgR---------- . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .feet.. 30,0

Gapbed--$
do.. .. .. . . .. . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ---- 6.3

.. .. . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . .
I.angthof body

do.. -. 6.3
. .. .. . . ...- . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .do.; . . 2&0

The model was made g60metricaUy similar to ita prototype and
one @ventY-fourth scale. The general featurca are shown in the
dra

T
of the mod~ (Figs. 1 a, b, c.) The model was an exact

co ~ o the aeroplaneexce t for the propeller and
z dw & feature9 were omi Also wing strut8 were%e%!%!?l

instead of “stream-line’) in section. Since it is well lmovm that
the r&stance of a series of similar aeroplanea varies somewhat less
rapidl than the s uare of the

I & T
eed and square of a linear dimen-

Siop, ue to skin ‘ction, it is elieved that the prediction of the
rmstanca of the full size aeroplane from the observed model resistance
wiIl Ml be a fair estimate in spite of omiwions on the model.

For simplicity, the model was made with the trailiig ailerons oi
W& -flaps integral with the wings. This somewhat inCI-CSSmfie
tiectwe supporting area. Also the tied taii and elevatm were
made in one, corresponding to the elevator held feat in its, neutral
positiom These points are made clear on the drawings of the model

&KcmLE 3.

GENEE&uWINDTUNNELPROCEDURE.

The morlel was tasted in the 4-foot wind tunnel at a velooity of so
miks per hour. The wind tunnel and aerodynamical balance are
duplicatesof the installation of the National Physical Laboratory, Ted-
dingkm, England, and reference should be made to the Techuical
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30 AERONAU!FIOS.

Report of the Advisory Committee for Aeronautic, London, 1912-13,
for detail description and methods of oparation.

In gene~ it may be stated that the wind tunnel provides, a wind
constant in velocity within 1 per cer$ vrhioh vcilooi is further con-

Tstant across the working cross seotlon of the ttmne within l+ er
fcent. Velocity is measured by a suction plate calibrated agains a

standard Pitot tube with a precision of one-half per cent. The
model is mounted on the balance in various attitudes of pitch or yaw,
and m such positions me measured the three forces and three couples
produced by the wind along and about three mulmall perpendicular

Tmxs m space. I?rom a lmowle e of the variation of hese forces and
%cm 1* with ch~oe of attitude, t e so-called “resistance derivatives”

8of ryan’s 1 theory of dynamical stability maybe computed.
The theory of stabili~ also requires the determination of the damp

ing of osdations about the c-enterof avi~ of the aeroplane. A
Ts ecial oscillating apparatus ?as built or these tests which will be

$
%

escribed below. By oscih the model in the wind and observing
the decremant of sm~litude wi time, it was possiile to estimate the
“rotary derivatives.’

AaTroLE 4.

LONGITUDINALTEW!S.

The model was mounted on the balance with its wings in-a vertical
plane by means of a vertic@ ~d driven into the body at the oint
shown on iigure lb. By swmgmg clthe model about the verti axis
passiug through the spindle, the angle of wind to the wing chord was
mwied from+20° to – 8°. At each attitade the force across the wind
or “Lift/’ forw down wind or “Drift/’ and the pitohing moment
about the s idle were measured. The “

Ml?an actual . %y:o%%a%;%:, actual head resistance and as
tive. The wind veloci was 30 nules per hour of standard dry air

&at 15° C. and 776 mm. The experunental points are shown on

T
e 2, where forces are m pounds snd moments in inch-pounds.

T e preci+on of messurement is within 1 per cant.
For a green attitude, the resultant force on the model in pounds

at 30 ties per hour is R= ~~: This resukmt makes an

angle with the wind direction given by a=tan-’ ;. The forca R

T
is observed to have a pi . moment M about-the spindle ~.
It may then be a-saumedto e situatad so that the perpendicular

fromtbis misto Risgivenbyx=$. The vector R is thus deter-

mined in magnitude, direction, and line of application. The resultant
force veotom 1? are shown on figure lb b a soale 1 inch equals 0.2
pound: The vector R is purely an

%’
ebraic substitution for the

mmplwated system of forces and coup es acting on the aeroplane.
The vectmw are drawn relative to the aeroplane.

The canter of gravity was assumed to lie as shown near the inter-
section of the m eller axis with the resultant fores vector for 4°.

d%At this attitu e, en, the pitching moment should be nearly zero.

113.EBqmq S&MftyinAWon.

c
83
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32 AEBONAUTIOS.

Akfrrrm 5.

PERFORMANCE CmnJEs.

The lift and head resktance or “drift” of the full scale aeroplane
were ~ed to be approximately given by the relation:

Force on modeI “
()

30 ‘
Force on aeroplane= _

1

when V is the flying epeed of the aeroplane in miles per hour. The
above relation holds, of course, only for the same attitude of model
and aeroplane. The we- ht of the aeroplane, 1,800 pounde, must
equal thelihinflight. %3nce:



I AERONAUTIOB. 33

A series of s eeds V was computed for a series of attitudes of the
aeropkme, am?the aeroplam drift at each attitude was then cmn-
puted from:

r)Dfdlsize=D model x~z x ~ ‘

h v ? 3 are given curves of drift, effective horsepower required,
angle o

w
chord w wind and ratio -might to drift lotted on V as

abscissae. or our c.alculatioD9a ?maximum speed o 79 miles and a
minimum of 43.7 miles were selechd corresponding to angles of wing
chord to wind of 1° and 15.5°, respectively.

The curve of E.H.P. on figure 3, indicates that 87 propeller horse-
power is necewary for a eed of 79 miles. If the propelIer has an
efficiency of 80 er cent,

1%
% e motor must develop at least 110 brake

horsepower. e o “ “
T

al designs contemplated as maximum eed
%of about 80 miles per our for a 120 brake horsepower motor, w “&

appears very reasonable. & actually built this
?le.w=&m arated 90 horsepower motor. &muning 70 E.H.P. ehvere to the

propener a eed of 73 miles per hour is indicated by our curves. It
Mreported %s t the speed of this amoplane was actually 73 miles per i
hour. -

Amrom 6. .

CHOICE OF AXES-NOTATION-UNITS.

hes for reference are assumed tied in the aeroplane and mo~
with it in am. The origin is at the center of

% F
avity. For steady

horizontal “ ht at a given attitude the axis of is vertical, tie ~
of X Ho~ontal and directed to the rear in the plane of symmetry,
and the - of Y is horizontal and directed toward the leftming tip.
l?orces along these axes me denoted b X, Y, Z and are exyresaed m

?
1?ounds per unit maes. Moments me , M, 37and are given m poun&-

eet per unit mm.1
Angles of roll, pitoh snd yaw from the normal fl “ attitude Me

deno~d by Y, 6 and #.
-

Bar velooitie9 of roll, pl
P, , ~m rdme per second.

and yaw are

e?
e signs of momanti, Iesand

Yv oclty are positive ccn.wideredin the directions X , YZ
Moments of inertia referred to axes X Y, Z axe denoted by

??&?d f?t.@B,m@o where m is the mass o~ the aerophme and &,
K& & cmresponding radii of gyration.

AmUm 7.

EQUILIBRIUMCONDITIONS.

Jn normal horizontal flight in still air a state of equilibrium is
asaumed such that the power avaiIable maintains the aeroplane at
such a speed that the weight is just sustained. Since the Mt of an
aeroplane wing is also a function of ita attitude or an e of attack
it is further assumed that the attitude is proper for /? e speed. In

1Unit -in thedug equal to W7 wmida m3ighL

=“-s. Doe 2(3 64-1-

I

.-:, - ------ :-. ~------ .-.::--.---,-- .- ..-: -.. . ..-.,. .-- .. . . .. . . . . .-- —- . . . . .—
. ----- ,..’ ., .,,...-,,..’:.



34 AEEONAUmOS.

normal horizontal flight the h of X is parallel to the a parent wind
!direction and is hence horizontal Let o be the angle o itch of the

daeroplane away hwm.its normal attitude. ‘I!hen no
&

Ois zero.
Likewise if the aaroplane is in equilibrium in ita flight, e angular
veloci~ of pitch is zero aud also the pi- moment ilfo.

At lmghspeed, for example 79 miles, the mm of X is ~orizontal and
makes m angle of 1° witi the win chord. At low eed, new axes
are chosen such that the ti of 3 is still horizont+? but makes an
angle of 15.6° with the w_@ chord. The axes are fixed by the
eqfibrium conditions for

T
t and diiler for each normal flying

attitude. Oscillations about e normal flight pati when the motion
is disturbed me referred to the above defined ww which are assumed
fixed m the aeroplane and mo “ with it in ace.

T %The pitching moment curve o served for e model shows zero “
momsnt for an angle of wing, chord of 4.5° and a di “
huger

T
Y

moment at
es. For slow flight, it is assumed that the p“ ot by proper

setting o his horizontal rudder ~ resses an eq@ stallin moment
& %%

. E:$:.z{;;cG:Arc&e ‘~z~i;%”by ‘Ge$:moment so that lt8 ordinate has zero v ue
for the desired flight attitude.

) TRANSFORMATION OF AXES.

It is cxmvenbt to measure in the wind tunnel the tit and drift
about mms always vertioal and horizontal in space. Tor the oscilla-
tions of the aerqkme it is oonvonkut to oomnder the forces referred
to axes iixed in the aeropkme x demriied above. The transforma-
tion is efleoted in the usual way by means of the formuke:

T7L z’=-L00se+D8ke,
WJXf=DCOS e—Lhe,

where e is the angle of ~itoh of the aeroplane awa from its normal

Mtandbtonthemodelin oun.$%%m$~<~d ‘~
attitude considered positive for s

~ ~WS’ in pounds along &e UES X. ~d Z. T@ rnod~~~~
are converted to Z, X, full mzel by muhpl

Ps~tme of the speed and linear dimension ratios. The fo owing tables

T
out the required tramdormation.

e pitohing moment M is inde endent of the longitudinal shift of .
!axes andvaries on$vis the squsreo the speed. Curves of X, Z and M

for the different fight attitudes are plotted on flgores 4Z 5 6, 7, 8,
and 9. The transformation of the moment about the spm~e to the

T
ending moment about the c. g. of the fulkize aeroplane is

gven dew.c.,,

,
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i=l”, V=79I@% m=5&9slugs.

i e L

–5’ –O.08
–3 +.14
–1 .35

.45
+! .56
+3 .765
+7 L 13
+11 L 39
+15 L46
+19 L46

D
I

z x

I
-4
–2

+!
+2
+4
+8
+12
+16
+20

+0: yl

.102

- 6.4
-10.8

24.9
32.9

+7. 7
7.8
7.76
7.4
7.1
5.6
L9

:2: ;5
–4. 7

.104

.108

.118

.165

.270

.426

20.0
54.9
8Lo

100.0
109.0

,

.MK1 112.5

i=7°, V=6L8 mile.

+10.3
M 4
16.9
23.3

2:
47.0
46.2

+4.42

i%!
4.s6
4.60
4.54
6.90
7.12

-o +0: 3& +0. 102
.104

.s6 .108

.765
L06 :%
L 39 .270
L46 .423
L46 .581

1
2
4

2
16
20

I

i-lo”, V==47Iniki.

q. ~ +0: yg

L26 .21
139 .27
L46 .346

+24.o
28.4

%:
37.2

+: g

5.21
&56
6.24

:“
10
12
14

i-w’, Vatil! Iklik’a.

4 L 13 0.16s 26.1 5.66
1: -2 L26 .21 29.6 5.63
r2 L 39 .27 6.29

+! .346 %;
% +4 H .426 36.2 H/i

i=14”, V=44.2nlika

L% 0,21 2J; 6.67
L 39 .27
L46 .346 3!i4 :;
L46 .426 33.3 7.43
LbO .606 34.2 7.62

.



AEEONAUTIOS.

b15.5”, 743.7 *.

CONVERSION OF PrmmNc+ afoArENTs.

mX -momentabout6pi.ndleininchpound6onrmxlel.
mti momentaboutc. g. in inch

“ f-onrnde’b=3.&EKhq c. g. forward?f epm e.
a==.10inchq c. g. above
Axi6ofx 3.5”towingChoI%.mde
df.pitchin momentaboutc. g. fullsize,fullspa@ in

h?mX~ *—mZ/fI—mX/a.
i=angleofwingchordto@d, degrees.
e=angleof@s ofX towind,degrew.

Ifeetper tit m.am.

f I 8I LD
I

Ilazt dr mar. 7nA& g
I

10” 12” 14” m.d
~MJtMlf

1
+cL131

l-:
.Ulo

.

:910
L69

?%

+%7 +lLo’....... ...... . ~g I 7.8
+2L4 + 9.2....... ... ....
+:+: + 6.1....... ... .... $46] 437.,6 - .A

hrmm 9.

IUZSISTANCE DEEIVATiVES, LONGITUDDML.

Notation follows Bairstow} to whose paper reference should be
made for ~he detailed discuamonof “ derivatwes. ” In the theo of

&small osculations, the aerod amic forces XO, 2., and pit .
rmoment, ~, are eliminated y the conditions of e uilibrium. In

%disturbed motion, disturbances in normal flying spee and attitude
cause changes in the uantities, X Z, and M.

?Let U be the norms flying speed and u, w and g small changes in
horizontal and vertical veloc@ components and angular vcloclty of
pitoh. If the disturbance be smd.1,u, w and g are small with rq?ect
to U. For example, the function.,

I x -f( u+%‘w,q)
may be expanded into the approximate form

X-xo+ux.+wx.+qwq,
a linear function of the small quantities U2 w,. q. ‘I’he coefficients
X., Xu, Xq are the so-died ramtmce derrvafmwsof the theory of
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L-l--KL=hb,...=k,,,-qi.
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40 AERONAUTICS.

FIGURI!Z q.

small oscillations, and physiosly repr~ent the slope of a curve of X
on a base u, w, or q.

$inlhly
Z=zo+’uza+wz.+qzq
H= &+ux+u).&+.g%

From the conditions of equilibrium, X. is balanced by the pro-
peller thrust, Z by the puU of avity or ZO=g and ~-o.

!%Also Bairstmv fiss shown that ~ and Zg may ~e negleoted.
X“is the rate of ch

Y
e of X w-n%change in forward speed. But

einca X is a function of orward speed squared we may write:

and
2..3
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AERONAUTIKR 41

These caefhienta may be obtain~ directly by calculation since
~o=Drift

~> and ZO=g. For exsmple, at 79 miles per hour, Z7=

– 115.5 feet per second and ’20=32.2. Then

z 2X322 =_.557
u= –115.5 ,

~Also at 15?5, U= – 63.8 feet per second and

2X1Ox.=—= ––63.8 .276

The derivatives X., Z , % represent the effect of a vertical -
component of veloci~. #rem the well-lmom method of velocity
composition ~e vertzcsl velocity w acts with the horizontal velocity
U to cause tke apparent wind to have an inclination to the horizontal

fif tsnn’ ~. This inclination is given to the model in the wind

tunnel, and X, Z, and M measured for various pitch angles.

But N1.taI-’ Y~57.3 $ when AOis a small angle in degrees.

... x Ax 57.3 Ax
w

‘T--TX

Ax.
~ ISthe slope of a curve of X on pitch angle as base. For example,

Ax – .65 ~dfrom @m% 4, ~-~

57.3 –.65 +0162x.=—.—=–115.5 2 “

Similar formulsa me used to com ute 2. and
f k

It maybe notad
that the method ssaumea that or and os “ “tiOIIS,hence smfdl
ch ea O, the tangeht may be substituted for the actmal curve.
Th%%nit of validity is obviously the range of pitch angle over which
the tangent to the curve is not greatly changed. This range is usually
about 4 to 8 d

YThe values o the “resistancederivatives calculated in this manner
will be found tabulai%xllater.

AR’rIom 10.
.

DAMPING.

The damping of pitching about the c. g. km~presentedby the rotary

derivative iKg. For an angular velocity ~=g, a damping moment

giif is exertsd on the aeroplane.
$0 measure this aerodynamic dam~i, the special oscillating appa-

ratus was designed which is shown y the photo aph of figure 10.
rThe model is mounted on a mwaive bracket whit prvota about the

/

..—. .--, ~.~ .
... . ,,, F, ,, .’ -: -i-–’-”-’ —-. -’ -’.- --”-’” -- ”----— -.-~

~.. _._e_ .... .. -.
.,. ...: . .



two points shown. I?orwnd-aft arms carry countieights w$ch
are adjusted to give a reasonable natural eqod. The spud sp
@in ~tches on the arms by means of %uf e-edged ‘shacElc3. T
s
T

that the motion shill be oscillatory. The aesume~
c. g. ocation of the aeroplane model is

,7
edt.obeonthetmisof

rotatiom The aotual center of gravity o the apparatus is not
considered.

Friction is kept smill by careful design of the steel pivots, wh$h
are hardened steel points bearing in tool steel cones. The sp
lmife edges are lass hard.

hall
YIt was found that a convenient perio

is about on- second. In still air the a~paratus will rock more
than 300 thma before the amptitude is chminished by friction to

. one-ninth of the initial displacement.
The moment of inertia of the entire oscillating masa was calcu-

lated and then checked by an independent experimental determina-
tion.

Let:
I=moment of inertia of all osoillatiug parts in slug foob

units.
m’ =msss of W osoil.latingparta in slugs.

3
= moment of air forces on model at rest.

.=moment of springs at rest.
110= additional moment of springs when deflected.

c-c. g. of entire a paratus above pivot? feet.
@= angle of piti i% m normil attitude m radians.

de
~ ~- damping moment due to friction.

%$= damping moment due to wind on apparatus.

~~=damping moment due to wind on model.
~te= static moment due to gravity. .

The equation of motidn then is:

The solution of this equation is wdl known to be: ,

. ‘“cc”+-J===+al
where 0 and a are arbitrary constants. If time be counted when
the amplitude of swing is a maximum then COS{-}= 1, and O-O.,
the initial displacement. Also if the number of beats be counted by
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observing the times for succeeding maxima, a plot of amplitude on
time will have for its equation the simple form:

. 0= OOe%M >

The coefficient P is the logsrithmio deorement of the oscillation
and must be numerically positive to insure that the oscillation dies
out with time.

The a aratus -ivssfitted with a small reflecting prism by which a
!%pencil o “ght was deflected toward a ground 1sss plate set in the

%roof of the tunnel. Nine lines s aced 0.2 inc were ruled on this
iplate. With the model at rest t e beam of light was bro~h~rtiti~

.J sharp focus on the line marked zero. B means of a
f Yobserver started an oscillation of the mode, and the spot of hg t was

observed to osdlate across the scale. The time, t,was observed in
whioh an oscillation was damped from an amplitude of 9 to au ampli-
tude of 1, for example.

‘0 p kgeg, and kUOWillg~ aud t, #is CdClibt43d.
‘m: ‘%-d=

Prelimin tests showed that the same value of P was obtained
%whether the stopped at 0=5 4, 3, 2, or 1.

oscillation tests -weremade at ~ve wind velocities varying from
~ to 35 miles p$r hour. The coefficient p appeared to vary approxi-
mately as the first power of the velocity.

Similar tits were made with the model for no wind to determine
%J which ma be said to be due almost wholly to friotion aud ve
s~chtly to J Te damping of apparatus and model moving throug
the air.

Likewise ~ was obtained by oscillating the apparatcs without
model inwindsfrom 5 to 36 miles per hour.

The eoeffioient ~ has the dimensions 1 P14V,~here p is density of
air, 1a linear dimension, md V the veloci~ of the wind. To convert
~ to M for the full-size maohine at full speed multi ly by the fourth

fpower of 24, the scale, md by the ratio of full spee to models eed.
%The numerical results of t@s of the itching oscillation fo OW.

Note that the damp”
con@butes to the ~$~o~$=~$~!~?~~~~~”at~
speeds.

In the tables following, the number of beats, n, is recorded as a
general check and is not used. Recorded values of n and t are the
means of three or five separate observations.

f Bafmtuw, 100.ok, p. 176.

a
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FIGURE Il.

.

.

,



AEFM3NAUTIOS. 45

PrromNG Osorrimmo”k TESTS.

I model andappam~O: ~MIM
I apparatm

Appai-atw.

WindVSkity, tie%... 14.7 2L4
nbeaticonnted. . . . . . . . .%4 25.9 210 1%
tawonds..-. . . ..-. ----- 100
P. . . . . . . . . . . . . . . . . . . . . . . 00M . 00%0 .00162 . 001%
*(lemzem) . . . . . . . . . . . o . OQU39 .00066 .0

w
ee faird val-
U@ below.

Appamtw andnwa%l wW4wingchordl” towid.

Vrnile.m. . . . . . . . . . . . . . . . . . . 9.5 14.7 2L3 25 . 30 37.3
n benti. . . ------------------ 82 40 32
tseaxde. . ................. 160 z 2$!! 20 173: 16 13%
Jlgrqm: . . . . .. -------------- .00U6 .00410 .00646 .0+)92 .0105 .O1.15 .0137
~fnchon . . . . . . . . . . . . . . . . . . . CQ096 . CKH396. 6U096 .0010 . C+)1O .0010 .0010

0 .00035 .00040 .0006 .0007 .O’oa9 .Oo11
~“i~!~~:---::::::.:-:.-: .00019 .00284 .0+154 .0076 .0088 .0096 .0117

----

But k= —m ~ when reduced to full size and 79 miles per hour
●and mw of 55.9 slugs.

.“.w7- – .0096X (24)4X (79/30)X 1/65.9= – 150.0
or for

u= – 114 foot-seoonds, ~= 1.32 U

Appmzwaandmoa21tiwh9choni15.6° towind

v . . . . . . . . ..- . . . . . . ------- 9.1 147 2L 4 25 30 37-5
n . . . . . . . . . . . . . . . . . . . . . . . . 75 50 30 25 19
t.......-................. 17?
/JO------------------- . i%: .%: .0105 .04 . OIB .02$
pm net . . . . . . . . . . . . . . . . . . . .0035 .0060 .0089 .0106 . Olm . Om

~=- – .0123X (24)4X (43. 7/30)X 1/56.9= – 106
oil

&=1.66 Z7mhere Vie –64 footmeconds, or 43.7 miles.
,,,

The oom uted values of k, the model damp% ooaflioiau+ are
lotted on

L %
e 11. It appesm that ~ is a prommataly a Imear

otion of %.e velacity, as would be expeote , and the cmmraion
to full male, full speed, is made as imlioated above.

The dam ing coefficient is not greatly d.Herent for different atti-
%tudes, sad t e followhg values are obtained by interpolation:

lb
la”
140

lh 5°. 43.7

–l%. 5
– 75-8 ‘
–08.8
– 66.2
–64.8
– 64.0

9L 3 “U=–I.60
L49U–-LI6
1..66U-–MS
L 59U=–106
L 63U=–106
L 66U=–106

.
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ARTIOLE 11.

RADIUSOF G~!I’10N.

For the radii of
F

ation of the fully loaded aeroplane we are in-
debted to Dr. A. Zahm. The actual aeroplane, complete with
gasoline, water, pil~tj passenger, and other weights in place, was
suspended horn a beam by a chain. The center of gravity was first
located by an inclining method. The machine was then made to
oscillate in i@h about the point of attachment of the upper end of
the chain. L htgnyswere runtotail andwing tips to insure that ‘
the chain smd aeroplane moved as a rigid body.

Let the distan6e from center of amty to point of
f T

emion be
denoted by h, p the natud perio of oscillation in secon % the
radius of gyration in feet about the Y d or - of pitcih, then

K#=(g+w?

By observation h= 12.2 feet, p= 60/14 seconds.

~-34, G=5.8 feet? .

Aal’Im 12.

BOUTH’SDIS~AN1’.

Bryan Z’has shown that the character of the longitudinal motion
of an aeroplane may be investigated with reference to the roots of
a biquadratio equation of the form:

Ah’+m’+(n’+n+lz=o

The equations of motion ma
%

be considered of the. form e= Ii2N
where K is some constant. or stability the
neg4tive if real, or have its real part negative FE:$g Z:$z
tiat the amplitude of the motion will ~ with tinq.

TIM condition fiat tie real rook and real arts of im
& Y

ary roots
of a biquadratic ~ation with constant co cients shall e negative
is that the cydlicmnts A, B, U, D, E shall a@ be positive as wdl
:g’ug:~&:a&y-~’. me btir ? Commo”y ‘0-

The cmstant coticicnk A, B, O D, E, am functions of the con-
stanta of the aeroplane at the norm~ fl “ attitude, i. e., the follow-

Ting: x., x., Xq, z, al z ~ G u,
?I

, U, and IL?. These are
resistance and rotary derma ves, ve.loci~, and radius of gyration.
For a given attitude and for small oscillations about that attitude,
it is conside.md that these quantitks me constant. For aim licity

fit is here assumed that nom@ flight takes place in a horizonta plane
and the irmlination of the

T
t path and consequent components of

gravity i.uthe axw of X an Z are elhninated. Also Xq and Zq are

Iltfaofiutmsttonotatiuleradhlsofgmtimformnhwwes edrmtedtobauk%t.
~Stabil&y3n AvlatMn.
aAdvmced Eif@dDymmfcs, E. J. Eonth.
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neglected as unimportant and
%

is zero by the conditions of equi-
. I.iirium. For the computation of outh’s cbscrimimmt we require to

know, then, only those quantities which have been so far determined,
and which are assembled below for the different c~es investigated.

Formuha for the coefhcients A, B C, D, E are en by Bamstow
and are used here but making e, kg, Zg, and ~zero. They axe
copied in eimp~eb form for reference.

. A= K,’

l?=- (J.tq+&zL’+zw.?KJ)

E “ –9MvL

ARTIOm 13.

BAIRSTOWS APPROXIMATE SOLUTION.

Rrcm consideration of the usual relative numerical values of the
coeflicienta of the biquddratic, Bairstow has shown that the e ation

%!~~ be factored to a fit approximation and put into the fo owing
..

m which the tit factor re re9ents a yery short oscillation, which
in most aeroplanea rapidly %“es out and is of no importsma. The
second factor re resents a relatively long oscillation involving an

fundulatory tligh path with changes in pitch, forward speed, and
altitude. The long oscillations should duninish m amplitude with
time, in which case the motion is stable and the aeroplane wdl return
to its original normal ilight attitude if temporarily deviated there-

11from by accidental cause. The motion ie unstable” the long oscilla-
tion increases in amplitade with time. It will be shown that the
aeroplane under investigation is stable at ~h speeds and uns&ble
at very low spwds. It ISbelieved that this E true of aIl aeroplww.

(WE I.

&incidence,wingchcudtowind+lO.
VelocityV=79miles. U=–115.Ei foot-mcands.

m=66.9ShlgE,x&=S4.
X.–228 XW+.162
Zli –.657 z~ –3.95 i&$4

;Z$g

1

C=+S94 BCD-AIP-’lPE=+lSXIOa stnbk.
D=+l15 .
3=+ 91

i

.7 .._ . . .. ___ ,. —- ~_, , . ..-. . . . . . —.— ._ .,: .. —., ,.. . . . . . —. —.- .. ——-—

. . . . . ...,..

,,,

. . . .-

-. :.,” ,,.
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t=fie to damp60per cen&O&=.16 second.

Iang Odlatiorc &+.lf~037:=o

p=343 mmds, t=ii8 wok

The short oscillations ,are unimportant. The long oscillations are
easy amd stmmgly damped. The aeroplane should be very steady
at this speed.

CASEII.

i=’P, V-8 miles, U= —76.9 foot-seconde.
xu::~l x&.113 &+2.46
z. Z=–2.26 Mq –113

A=+ 34.0
B=-+194.o

}

C=+467.OB13D-AW-PE=+32X1V 8tdk

D=+ 64.3

E=+ 67.0

Short oscillation: N’+6.7X+I-6.9=0
x=–2.Wt2.3%
p=2.7 eeconde

t =.24 secondtadampfiOpercent.
LongWMlatiomx&1178xy3$;p

. .

E!;%%&to &m* 60percent..
me period is shorter than at high speed and the damping less.

The aeroplaue should therefore be less comfortable.
(hEIE ~.

&loo, V=47 miles, U=U –68.8 fd%?aconds.
xu–.161 ZU–.936 3&+2.60
XW–.076 Z.–1.46 3.rq-lo8

;4:1~

}

C=+365 BCD–(AW+13W)=3.8XWStuW?.
D=+ 42.6
X=+ 76.3

. Short atillation: W=+ ;&5&~lS&=0
—..

p=2.96 wconde.
t= .28eemndtodamp60parcent.

Longcacilktion:&~2uD*+&~o
. .

p=13.n sOcOdE.
t =62.7 e.econcls to damp50 percent.

This oscillation is ra id and but slightly damped, and would
iprobably be tmccmforta le. The stabili~ is slight and wind gusts

or external disturbance, if recurrent, might cause trouble.
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OME Iv.

&d2°, T?&46.2 miles U- —66.2 feat-mconde.
xv -.189
XW–.~6 2W:.;7$ %@%s

A=+- 34
B=+137.5

1

C-+243 BcD-AD9-lPE=-7xl.fF Umrmm.
D=+ 17.4
E=E+ 673

49 -

Shortawillation:N+ 4JM+7.1440
X=–2.0&EL76i

..
p=s.59 eecondfi
t= .342second todamp60percent.

Lmg oscillation: N- .936A=. %76M0
x -+.043 +.624

pd2.o eeconds.
t =16.0 eeconde to doubleamp~@de.

The maohine is frankly unstable and the pilot dare not rel~e hk
elevator controL

(h.9E V.

b14°, ~E44.2 d~, U=’—64.8 foot.-eecond.q.

X.–.223 ZU–.993
x

afw+l.99
W–.132 ZW–.663 Mg –106

A=+ 34.
B=+134 I(7=+213 BCD–AD2-BW=-S.7XMY Uwram.
D=+ 26
E=+ 63.6

oAel? vr.

i=15.5° V=43.7 mika, U= —63.8 foot-se(jmde.

X.–.276 &LOl
X.–.292 .–.673 ~?;oy

A=+ 34
B-+136

1,

C=+226 BCD–~–lPE=-6XlIY UN&ABLB. ~

D=+ 24.2
E=+ 66.7

Short oscillation: X2+ 4JW.+6.66=0
X-–2.Q 1.6%

p=s.w meonds, period.
t = .34 mconds to damp 60 per cent. ‘~,

Ihg oscillation: ~2~+.&+.221~=0
.

25802”-s. D&&28S,6414
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Red part of A is here positive, indicating an oscillation increasing
with time.

p=r&=ll.6 seconds.

The motion is both m id m period md m idly inoressin -ka~~-
$ i% T%lsplitude. Ihdeed the amp .tude H doubled in o sw@y. -

plane, if left to itself, would be highly unstable.

\ AaTrOLE14.

VARIATION OF LONGITUDINAL STABILITY WITH SPEED.

l?rdminmy to consideration of tJMaction of gusts on an inherently
. stable aero tie, it was desired ti analyze the motion in still air of a

Lmaohine w .& oould be oalled inherently stable longitudinally. It
has been found above that a

P
ical aeroplaue becomes lW stable

at low speeds until red instab ty results.. This result is somewhat

9
unexpected m view of the ourves of pito moment itf which rn-

d.dieated atatio stabili~ at all ossiile attitu es up to an molu “
horizontal ilight at+ 16°.5. L Yother words, ~ is positive for a
oases. The instability cornea about on aocount of the rapid rate of
increase of drift at large angles oausing Xv to change sign, and on
account of the less rapid rate of inomwe of lift, oaueing ZWto be-
oome srndl at high IN@= of pihh. Furthermore, ~ duninkhea at
10Wspeed.

From the speed power ourves on iignre 3 it appears that for angles
greater than 10°, we me on the part of tke power curve which re-
quires more power to go slower, “region of reversed oontrols.” This
region is now found to be dynamiodly unstable so that controlled
@ht Oldy iS pOSSiih here. But mth revenwd controls this is
doubly dangerous.

The frequency of acoidauts at low speeds following the recent
demand for a wide speed range, coti h impression of the
danger of low

d
eeds.whau app~O

9
a oritieal angle and speed.

The oritioal e for.~abili~ m dear y an angle lESSthan the pos-
siile maximum for

A fair %rneasme of
&by no.

e >elative stabili~ at various speeds may be

9
the foIlowing tabulation of the values of Routh’s

miminant, enoted by l?: .

velyi~ Wimcl chord
to R.

$m~ wind.

K
7

+lMI Xl@
6i 8 + S2 )(1W table.
47.0 10° + ‘A 8x1(P

.

4&2 –7X1
44.2 z

7
– % 7x11Y Unstable.

42.7 ~ 50 – 5 Xl@

The table is reproduced graphiwdly on figure 12.
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A similar rnves “ atibn for lateral stabili fails to show any marked
Ychange with se ,

3
2as WOllkibe expecte einoe speed de ends on

pitch
%

?e an the faotors whioh make or unmake Iatem stability
are buts “ htly affeoted by angle of pitch.

FtG.. f2,,

P

k} 60

d bO

M i,
F120

.-
*IOO .

+8o

+bO ~ a

+46 ,

+20

o

-20
.

0° + .2° * 4° 4- $+ 8° + 10° * 12e + If” + 1~
w IN6 Cti ORD ‘ 7-0 w

.

i
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REPORT No. I.
PART 2.

THEORY OF AN AEROPIANE ENCOUNTERING GUSTS.

By ~wm BID_mm~IIsOli.

A.ErIcLE 1.

INTRODUCTION. ●

The notation here used will be in the main that of Bairstow.
(?%ohnioal Report of the Cummittee for Aeronautic for the Year
1912-13, p. 143.) As? however, Bsimtovv changes his notation in
the first few pagw of Ins report, we shall begin at the start with some
demirtures from him.

~ x, , z are moving axes directed, respeotivel.. backward to the
Jleft an upward relative to the driver; if u’, w’ w ~e linearv~ocities

and ‘, g’ r’ be angolar velociti~,reaolved ~ong these axm; and ~
X’, $,~’beforoes,and~f M’, N’bemmnentsoffomes (measured
per u.mt mass of the aerop!me); then the dynamioal equatione of
motion are

where m is the mass and

&=p’A–@-flE, (3a)

l>= fB–#D–p’F, (37))

13=#C–p’E–q’D, 1? (3C)
52

,.

.
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are the components of the quantities A, B, Umomentum,—
being the moments and E, 3’ the products of nmrtia relative to
the moving axes tied m th’ebody.

The symmetio aeroplane will alone be considered here;

D-F=O. (4)

If the maohine is in uniform horizontal flight, all the for~,
moments, linear velocities and angular velocities except u) vanish,
and u’= U, a negative

T
antity in magnitude equal to the uniform

Velooiq. (The precise aokward direction of the CC-axisis that
which IShorizontal m uniform flight, and hanoe by this definition the
direction of this axis, and of the ~sxis, varies in the aeroplane with
the s eed.)

If t~e motion is slightly disturbed, the velocities take the values

‘u’= U+ulv’=vj w’=w, p’=p)q’=q, r’=r, W

where u, v, w, p, %’r are small. The products of these anall uan-

S
3titie9 are n eate , * m all discussions of small odlations, an the

equations e the form

du/at=x’, dvfdt+ l%= Y’, dw@– Lq=z’, (6)

Ao?p@ – IKlrjdt=mL’, Bdgjdt=milf, 6itr/dt– Edpjdt=m-lV. (7]

In uniform motion the forces and moments all vanish. I?or the
disturbed motion they are small and may be expressed linearly m
terms of u, v, w, p, g, r. The forces are due to three sourws: 1° the
propeller thrust, 2° gravity, 3° the air. We shall assume that the

f
ropelkr thrust (and moment, if any, arising from it) is constant; i. e:,
he motor is sup osed to speed up or slow down under changed con&-

d!tions so as to sliver a constant thrust. If 0 and p are the small

5
itch and roll, the oompoqenta of gravity are gO, —gp — (see
aimtowj 144Z7U—w), and lb momamk are zero beoause t&e~G. is

taken as origin. The air forces and moments may be written ss .
X, Y, Z, .L, ~, N and developed as

x?x.+x.u+xvv+x.w+ xpp+x#+AY#, (8)

where XU, XO, . .. . . . are the “resistance derivatives” taken for
the relative veloo@ of maohine and wind. (XO aud the propeller
thrust crmcel, so do 20 and g; Y, L, ~, NOvanish.)

b the symmetrio aeroplsne ~ t~e resistance derivatives vsnish
and the six uations of motion separate into two sets of three each,

Yone set for t e longgtudinsl, the other for the trsusverse motion.
These equations me (hirstow, 148, 13 md 14 with e =0) for longi-
tudinal motion,”

duldt=gO+ &u + &w + Xqq, (9a) see (la)

dw@t= ZJg+Z@+Zww+Z~, (93) see (lc)

Blm. i?@t= iM&+ &w + Mqq, (9c) see (2b)

. ... ...- >.... .— -r .,---- .-. — . . . . . . . -..-—- .- .-. . . . . . . . . . . --—- .,. ._— .- -.—- .._-

,.. , {..

... .,. ,.’. . ‘-.’
.- ,. -. .-,
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md, for traneveme motion, .

dv@t= – gQ– ~+ Yvv+- YPP+ YrT, (lo(z) see (lb)

A/nLdp@.t– EJm.d@-LVv+~p+@, (105)me (2a)

● ~Jm.dT/d~– Elm. dp/dt=i’?ev+N#+ N.. (1OC)see (2c)

The integration of these equations gives the free oscillations of the
aeropkme.

Aamora 2.

LONGITUDINALMOTION IN SMALL GUSTS.

A gust if not too severe maybe treated by the method of forced
osoillatiom. II the aerophme is taxweling on an kmgolar wind, we
may

Y
ard the ave

3
e wind velocify relative to the machine as that

whmh s ould be us in the computation of the resistance deriva-
tives, and we may regard the departuresof the actual relative velocity
from the mean as small quantities rnducing additional forces into
the equations of motion.

Suppose fit a head-on gustinew. This would intioduoe an extra
tarm of the form Xau into the iirat equation, Zuu in the second,
and so on. If, as a result of the

r
t, the machine tilted appreoiabl

Jthe origimdly head-n gust IWO d no longer be head-on but wo d
have components ~ w, and “ve rise to the term Xa~ + ~@wl in the
fimt equation. It B clesx, f oweverj that under the h othesis of

3small oscillations, w would remain small of the second o er relative
The term *UWI could then be negIected relative to Xtitq,

~~ Xv m?oh exceeded X..
We sho~d m general allow ~ gust to have .mmponentsq, vI, Wl,pl,

, rl relative to the axes. Tk would take mto acoount an pose~-
B e rotational motion in the [t. The rotational motion o a gust
may be ‘ta small h the ~ussion by Glazebrook (Aeronautical

Y~ourn~ d , 1914,
J P

272-301) nothin h accomplished relative
. to rotation gusti. e~ it ma well be

i
& t the rotational element

is of great im ortanoe.
%

For t e rotmy derivatives} in the case of
the machine w ose derivative are tabulated by Bmrstmv (lot. oit.,
169), are large. !l’h~ a term X = –21045 wouId be comparable

formw&>-2&’7!$09:Y z$::z:.:;:~bs:mg?i
with x

rnwl:ohhat will be disoueaed m what follows ~ is also large,

~$.~~~tions for the longitudinal motion in a general gust are

du@-g&Xau-Xuw-X& =XUN+XtOWl+X&. (ha)

dw@- Uq– ZUU– ZWW- Z~ = ZUK + ZWW1+Z~. (llb)

B/m dqjdt - ilQu– il.fmw– ~fl= ilf=~+.ilfwwl + X&l. (llC)

The solution of thae equations oonsists of two parts: 1° the so-
oalled complementary function which givi3sthe natural oscillations,
2° the particular integral which gives the forced oscillations due to
the gust. To effeot a solution for the particular intagral, we must

.
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make some sssnunp$ionas to @e value of the ~mp~o~~q= ql
of the gusts as funotlons of the tune. Before m

% 1-tion for the artioular rntegrd, the solution by e “o eration “
% Jmethod may e indioated. (See Wilson, Advanoed Cab m., p. 223.)

Let D denote difbrentiation. The equations maybe wnttan

(D–XV)U–.XWW– @qD+g)o =X.wq +X.’w, +x&, (12a)

–ZUU+ @- ZW)w- (Zq+ U) D13=ZUK+ZWW,+Z~ (12b)

– Maw– ilfuw+ (k’BD’– Mp)o = J&q+ -&w,+ q% (12C)

where ~B =B/m. These e uatio& are solved algebraically by
1multiplying by the proper co actor determinants and adding. Then

D –X. –Xw – XqD+g)

I i
–x.–(xp+g) ‘

–Z D–Z. – Z +U)D u= ijD–Zm – Z + ~D q
-$. -Mm lb-M# % -K i’b-hq D

+ x. –Xu – XqD+g)
ZWD–ZW [– ZQ+ U)D w, (13)
K –K k%P– Mp

+ Xq – X. – (XqD +g)

y--~-g#y_# S

or, if the determinant on the left be denoted by A,

~ –Xm –(XqD+ )
Au= 26 D–Zw

‘1
–(Z+UD w

& ‘% ~Bb– ~D

+D~ ‘P=&::D&~ w,+ i$:$:;$

There are similar equations for w and O,nameIy,

r

–Xux. – (.xp+9)

I‘“”=3UZ5JCLW3$ “

@a)

!?l” -

@4Zi)

(M@

The general (lhmal) integration of these equations would be so
oomplioated as to be useless. We shall make use of the fornmk
only after simplifkation by the insertion of numerioal data.
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Possible ntdwds of treating gud8.-The only treatment of ts
which I have seen is that described somewhat yopularly b

f
E

brook (lot. cit.). He seems to sta~, as the mam method o attac~
that of small difference whereby It is assumed that the involved
time over which the motion is to be stadied is divided rnto ~dl parts
and that the atmospheric conditiom remain constant d

Y
each 0/

these parts. By then regarding the d.itlmntial equations o motion
a9 equations in difference of the following form,

Au’ =(X’ –tiq’ +v’r’)At, etc., .
Ahl= (mL’ +rj~– q’7z.s)~ etc.,

it is possible b com ute, through a sties of rntervals At, the ap-
Fproximate positions o the aeroplame. This method is, as Glazebmok

states, exceedingly tedioue, for & must be taken very small, rndeed
only a small part of a second in the case of a sharp gust, in order that
the solution may be even approximately satisfactory for the differ-
ential equations. More?v~, the whole calculation apparentl has
to be done tim the b for each new type of

Y
Jt whi one

desires to study. Th however, is applicab e m all gener-
ali irrespective of

& to operate on the basis of small
oscillations is that after a certain amount of preliminary calculation
has. been accomplished ~ e~;n~ulss will enable me to treat very
rapdly a series of very (ill es of gusts. My method is not

%applicable, of course, to machineaw “ch are not stable, for the oscilla-
tions could not remain small with such machines, but it@ probably
doubtful whether the motion of the unstable aeroplsne m a gusty
wind is of very great importsmm, as the instability of the machme IS
not unlikely to cause indeterminately violent motions on relatively
small gusts. I have tried to devise methods which would enable me
to use graphical a aratus for obtaining the solutions here desired,

B?but have beau una e to throw the equations into a form which lends
itself to such methods.

Moreover, the coeiiicients which enter rnto the equations and rnto
the solutiom at all stages of the work are of such v

3.?%2Zthat it is diflicult to obtain m.yreasonably accurate r
impossible-I have not yet succeeded m avo~ding the ditlibul —to
eliminate tie occasional necessity of subtrac

9
%“ immbers whit are

nemly egual m m “tude; thus the accuracy o the figures is, after
Tsubtmwtion, seriouE impaired.

{
As I was aware that the data fur-

nished me were pro ably not accurate to three figures, I tit made
the calculations with slide-rule accuracy only to iind that the final
rtwuk becwne wholly iIlusory, owing to he ddliculty just mentioned.
I have therefore had to recompute everything with 4- lace 10 arithm

$ gereforetables. Most of the figures which occur in the wor are
4-place numbers. Those which ap ear to have onl three sig@iw@ .
figures generaUZ have the fod ifigure zero w en occ
formulas con 74- lace numbem. Iu @e calculations towar th~
end of the resear71

v
te4- accuracy has become reduced to

three or two figure aocuxacy, ut it did not seem best systematically
to reduce the numbers by the otilon of two figures~although tlus
reduction has occasionally been made m final calculations.
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Jk’mIa 3. ~

NUNEWCALEQUATIONSFORHIGHSP~.

The data for high epeed are (see Hunsaker, p. 4?):

x. = –Q.128, X.= +0.162, X =0
= – 0.557, Zm=–3.95, ~=o

2.= o, M.= i- 1.74, Zfi= ;21;~ (15)

Bjmml+=- 34, u= –115.5, = .

!J%ecofactora 13in the determinant A are-

57

D–Z. –Z+U)D
$

D+ 3.95 115.6D
–2fm P %@ - –1.74 34LP+150D.1

= 3W+284.3P+ 793.6D ==tiu

I
–Mm Z%.Dz–X@ 1– 1.74 34DZ+ 150D
–Xw _ (x@+g) ‘1–0.162 –32.17

=5.608D2+24.30D +65.98 =8,1

Y–Xu –(x#+9)
–Hu PsD’-Mq

125MD%’I

I–Xw D–X
– M. !– N.

. b–0.162 – 32.17
+ 3.95 I115.5D

. 13.46D+ 127.1=8m

115.6D 0.557.
34DS+MOD I

–18.9~–83.66D=:u

Y + 0.128 – 32.17.=
o 34DZ+ 150DI

- r 34Ds+ 154.3DS+ 19.20D ==&q
- 32.17 D+ 0.128.

115.5D 0:557 ‘‘
– 115,.5Ds–14.78D– 17.92=&

– 0.557 D+ 3.95.
– 1.74

–%.9692=6,, .

I
–0.162 D+ 0.128
–1.7$ ‘ ; o

1.70 + .2227=6=

r’:2’ D~:mw = ‘ Y
+0.128 –0.162

0.667 D+3.95
~+ 4.078D+ .5957=&,,

The value of the determinant A is

3~+288.7~+833.0~ +115.1D+31.18-
34(~+8.490Ds + 24.50D2+3.385D+0.9170).

.

.

..-. . . _.. _ .,__ .. . .. . ... ... ... . .. . _... ~. .,*.. -.,., ‘—— -’-- ---’. .. ___ -...—. -_ . . . . .
.,. ,- . ..-.” “.. . ,. ... --
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.

(The value of the determinant checks by three wikmlations.)
The roots of the equation .

f(D) =~+8.49~+24.5~+ 3.385D+0.917=0 (16)

determine the decxementa and periods of the natural oscillations,
and must be found. (Unfortunately thwe roots must be found with
considerable accuracy, and the rough first a proximations such as

1’are indicated by Bairstiw, seem insufficient or our use.) ~t it be
assumed that one root is so large that it maybe found approximately
from

D’+8.49P+24.5D’ =D’+8.49D+24.5=0.

Then D ~ –4.245 +2.545j.

If now r be an a proximt$e solution of j(D)= O, a new approxi~
%ma~~may be had y asummg r+zj with z small, as a root.

z=- ;;=-
6

ti+8.4W+24.br-!- 3.386r+0.917 .
4P+25.47P+49r+3 .385

approximat.dy. As @+8.4%+24.5= O,the fraction simp~cs to

3.3&i7’+0.917= 063+ ~07i
‘- ‘23.08T+211.4 “ “ ‘

37’ = –4.245 –!2.54% This root off(D)= Ois therefore

D = –4.182 +2.43%.

The factor off(D) corresponding to this pair of roots is

. .
.

IP +8.364D +23.43.

Let the other factor be ~ +aD+lI. Then
5=.03914. Also, 8.364(.0391) +23.43a=3.385
and a=:1305. Hencethe second fatter is

P+ .1305D+ .03914.

(17a)

23.436=0.917 and
or 23.43a-3.058

(173)

As a check on the work we may multiply the two factors together;
we iind

, @+8.364D+23.43) @+.1305D+.03914) =
P+8.494D +24.66~ +3.385D+ .9170.

We can find, merely by careful trial, better factors as

@+8.359D+23.37) (.@+ .1308D+.03924)=
~+8.490D+24.50~ +3.386D + .9170. (18)

The definitive roots of ~) -A=O may therefore be taken ~

a= –4.180–2.43@, h= –4.180+2.430i
c= – .0654– .1870t, du – .0654+ .1870i (19)

.
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ABTIOLE4: ‘

INTEGRATIONFORHIGHSPEJ311.

The numerhd equation for u is (see lk):

34 (~+8.49 ~+24.5 DZ+3.385 D+o.917) u

- (X.6.+2.6X) N+ D8nw1+ il@8~

= -34 (0.128 D’+ 1.160 ~+3.386 D+ O.917) ~ (20a)

+34 D (0.162 D+ O.715D+l.647) W,

– 34 (59.37 D+560.6) q,.

The numerid, equation for w is (see 14b):

34 (.W+8.49 ~+24.5 ZP+3.385 D+o.917) W

- (x~. +z& + M&) w, +D13UU1+ M#=g,

= -34 (3.95 ~+23.94 lY&3.386 D+ 0.917) W, (20b)

–34 D (0.567 D +2.458) w

+34 (609.5 ~+ 65.21 D +79.05) Q.

The numerical equation for 8 is (see 14c):

34 (D’+8.49 P+24.5 P+3.386 D+o.917) e
= hi$~~ +D6u~ +D8nwl (20c)

=34 (4.412 P-!- 17.99 D +2.628) ~

–34 (0.02851) @+34 D(.05117 D+ .00655) Wi.

The solutions are of the type:

u= Oue + ou@ + Ou# + 014@J+ Im
(21)w= Oat?@i- O=@ -1-C@@-1-Out@-t Iwj

f3=o#+o&?#+o.l@+oa &+&,

where a, 3, c,.d are the roots of the biquadmtk (see 19), 0i3certain,
constants of .mtegration, and ~, I@, lo a set of particular solutions
of the equations. We ehall determine ~, Iu, lo in suoh a manner
that they will not oontain the functions @, eta.; we may therefore
determine in advance the relations between the twelve Us. (This
will debar us from using as gusts w w. ~, those whic~ are of the
form C%, eto.; but this rdrmtion is not im ortan~ a dam ed

r b@ tuned to the damping and. period o the machine is hig y
IIU robable in nature.)

~ we substitute u, w, Oin the equations (14), the particular solu-
tions must cancel out among themselvf3s(aims they oan not oancel
terms of the form ~) and leave

(a-XW) OU.@-XWO ~– (X@+ ) ati $+t- =-0,
–2.0 ~+ (a– ZW) 8..@– (Zq+ 68
–&8u@–&o.#+wp-Mp) <e@+:.: _l_z; :

----
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These equations hold identically in G and the coeiiicient of @, etc., in
each must vanish. The three homogeneoW eqqations in the three
*owns On L7n 0= (or the similsx equations m Un, UP, cm; Cm
On, O=; 0,4, dw d~) are consistent because a (or b c, d) IS a root o~
the determinant A, and the solutions are:

with U*: C : C= determined by the same ftmctions of 8. b words:
To ob@n &e ratio? of the coedli.cientitio~fl ~ Utiv,mw,substitute
D=a m the determinants 3U,~m,3=. - x: n

13.46a+ 127.1 : – 115.6a2– 14.78a– 17.92 ~. az+4.078a+ .6957
or Cu: On: Un= 13.46a+ 127.1 : 950.8a +2560 : –4.281a–22.81.
This gives on: Cn: 0= as

70.8-32.7 i:– 1414–2310 i:–4.92+ 10.40 i or as

1: –4.04-34.62{: – .1132+ .0946 i.

The dues of 0.: C.: 0= are th~ ccmjugatea

1:–4.04+34.5i:– .1132– .0946 i.

To find 0.: Cm:~mwe must substitute c= – .065– .187 i in the same
detarmimmta. Then

On: Cm:C== 13.46c+ 127.1:’.33c– 13.39: 3.947c+ .6565.
Cu: 0.: Cmas

126.2–2.616i:– 13.37– .0623 i: .2983– .7380 i
or l:– .1068– .002687 i: .002478– .006799 i.

The vahm of the conjugates me:

This ghw

014:c%:o,4=l:– .1068+ .002687 i: .002478 + .005799 i.

The general solutions of tie equation of motion are:

u=c;@+cud$+o @-!- L’14@+Ll ‘ (22a]
w= (–4.04–34.5 i)~U@+ (–4.04+34.6 $)~u~

+ (– .1058–.002687 i)Cu@+ (– .1058+ .002687 {)u,,@+Iau,

(zz~)

O- (– J132+ .0946 ~)@@+ (– .1132– .0946 0~12@t (22C)
+ (.002478– .005799 z)Cl,@+ (.002478+ .005799 i) Cl,@+ l~.’

From these equations we see that the heavily damped short p.wiod
oscillation (roots a, 7)) is about’ 344 @es as shmig in w s9 In u;
whereas the mildly damped long period oscillation (roots c, d). is
about 93 times ad effective in u as m w. Moreover, the @ort p~od
motions in u and w are about quartered; but the long p~od m?tlons’
are in opposita phwe. The amplitud6 of the short enod motion in

fo is about ~ that of V; hence for each foot-second o short oscillation
in w there ISabout *“ m O. The amplitude of the long ptsiod motion
in o is about .006 of that in u; hence for each foot-second of long
oscillation in w there is about ~“ in 6. The dwnping of the short
osci@tion is so strong that the amplitude is reduced to about one-
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ninetieth @ one second where. in the. cw.e of the long oscillation
the reduction is ody to about mne-tanths of its original value in one
second; the relative am Mud= in the csses of u, w, o are more

?important in the c~e o thq long than in that of the short period
osodlation because the latter is so quickl damped out that the

Y
may not et well started. Howevar,

%
& e extreme m “tude of

rthe s ort perio oscillation in w as compared with u in cates the
pomibility of relatively violent accelerations in w; indeed, it is the
short period oscillation which may account for initial difficulties
whereas the long period oscillation accounts for the progressive
troubles, due to gusts.

There remain to be determined the values of the oonstanti C of
integration from the initial conditions of uniform fligh~j i. e., u= w =
8-q = O. Let the particular solutions have the initud valu= 7W,
&o, I*. Then

O- C,l+ Q+ Claj- U4+Im,
~= ( – 4434–344W ~fi+ ( –4.04+34.5 ~)% ‘

+ (– .1058– .002587 i) CM+(– .1068+ .002587 i) Cl,+ &.,
0=(–.1132+.0946 i) Cu.+(–.l132–.0946 i)Cn

+ (.00%78 – .005?99 $)Cu+ (.002478 + .005799 i) C14 + Lo,

0-(– .1132+ .0946 z)ad + –.1132- .0946 i)bCl,
J+ (.002478 – .005799 $C ~+ (.002478+ .005799 i)d(?l, + l’aO,

or 0- (.703– .205i) CM+ (.703 + ~205i)cn+ (– .001246– .000084 i)C18
+ (– .001246+ .000084 i)C14+ l’%.

The values of On, 0 and ~1 , Cl, are conj~ate im tiaries; hence.
cl+clu=A, G,+?/ =B J02-CJ-0, z(q4– 0,~= D are reaL
The equations may Aerelore #)e written

.
O= A+B+L
0= –4.04 A+34.5 C– .1058 B+ .002587 D+ Ia
o=– .132 A – .0946 C+ .002478 B+ .005799 D+ I%
O= .703 A+ .205 0– .001246B+ .000084D+ 1’O..

The valuw for A, 3, C, D are (as found by determinants and checked
by substitution):

A = – .0008856 ~+ .008198 I&+ .01621 I&– 1.372 I’ti,
0= – .003196 L– .02803 Im+ .01476 I&– .1543 I’h, (23)
B = – (1– .0008856)&- .008198 &- .01621 1%+ 1.3721’,0,
D= .3577~– .2940 IWO–172.0 100–29.89 I’eo.

The solu$om (22) of the equatiops of motion of the aero lane in-
Evolve imagmary numbers horn wluch they may. be tied y using

A, B, 0, D m place of Om ~n, 0,,, 0,,. The equations then become

U= ti.w (A cm 2.43t+ ~ sin 2.43tl
+ r~ (1?cOS.187t+D sin .187t) + la,

W= +“IW [(34.6 C– 4.04 A)<COS2.43t
– (34.5 A+4.04 U) sin 2.43tJ
+ tr-~t [(.002587 D– .1058@ COS .187t

– (.OO2587B+.1O58 D) sin .187tl+Iu,
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O=&Ju [– (.1132 ~+ .ofki6 @ COS Z.43t

+ (.0946 A–.1132 C) sin 2.43tl
+ r- [(.00278 B+ .005799 D) cos .187t

+ (.00247S D– .005799 B) sin .187tl+ L.

u=- (A em 2.43t+Csin 2.43t)
+ir~ (B cos .187t+D sin .187t)+L, (24a)

w= fl~~ (A’ cos 2.43t+ ~) sin 2.43t)
+p~ @’ COS .187t+P sin .187t)+ I., (243)

(3=& (Ae cos 2.4%+ C’ sin 2.43t)
+ r-a (~ COS .187t+D” sin .187t) +&, (24G)

where

A’= – .1066 I&– 1.0001 Ia+.4436 I&+ .220 I’ti,
0’=.04346 L– .1696 Ima-.6l9O Ieo+47.93 I’ti (25)
B’ =.1066 2&+.000107 &- .4436 &-.22O I’k
w = ~ .03623 ~.+ .03112 I&+ 18.20 l&+3.168 I’uo,

Au= + .0004024&+ .001724 &o– .003231 Id.+ .1698 I’0,,
P= +.0002778 L- .003947 I&– .000136 h– .1123 I’eo, (26)
B“-– .0004024 &– .001724 &– .99676 Iti– .1698 I’eo, ,
D’= .006683 IW– .000681 I&– .4261 l&– .08201 I’h.

In any articuk we the calculation of the codkients in (24)
d~m ( ), (25), (26) is likely h be relatively sim l~~eemm th-

are so many terms that for that case may be n& .

‘ hl’IaLE 5.

SOME SPECIAL GUSTS. ‘

If we wish to rep&ent a g-d whi~, starting from the condition
of still air, in-es to a certain intenmtg J we may use the function

J (1–d). o (24)

The value of r determines the sharpness of the gust. If ~- 1, the

F
hss reached about two-thirds of lts value in one second; if r = 5,

e gust b reached two-thirds of its vaIue in one-fifth of a second;
if r=+, thetwdhirda.iqfansi~is reached in 5 seconds. We m?y per-

:“F:z;E#~g?z2{lFdr&:-h:k20:
~T(24 has t e adwmtage o being in dch form that the determination

of e particular integrals is easy. (See Wkn’s Advanced Calculus.) ~



C- 1. HaxiL’ongust--mild. N=J (1 -e).
lk equations (20) we let A=J (1 -es), w,=% =0. Then

1. -–J(l–.247e-3), Im = – .7%3J,
I.= .082J t3-*, Im~– .082J,
L = – .00495Jc*, I’ti= – 0049J,
1’0=.00099Je, I’ti= .00099J.

(N. B.—The total increase J of the wind occurs everywhere as a
factor and may be omitted-the resilta then are for an incre~e of
I foot-second.)

u= Jtn~(.622 cos .187t+ .630sin .187t)– J(I – .247@),

W= J-(– .004 cos 2A3t+ .003 sin 2.43t) – c7rW(.078 COB.187t+
.069 sin .187t) + .082Je+,

d= Je-WU(.00496 cos .187t– .0031sin .187t)– .00495Jfl.

It a pearsfrom these
f Y

ations iihat the effect of a mild head-on

r
t o magnitude J is asfo ows: (1) The machine takes up an

vowly damped oscillation in u of amplitude about 89 per cent of “
after the oscillation dies out the m-e is making a speed Jless ral~
tive to the ground and hence the o

T
al speed relatrve to the wind.

(2) There is a ra idl dam ed oscilla “on in w of rather mnall m -

‘de ‘d a~~afof ~o!zontalflight. g) There is aal~wos!$!
am e one of about 10 per cent of J the

condition b
tion in itch o about .0058 J radians or a out .32 J“. If the mag-

$nitude is
$!

eat, the pi- becomes so marked that the approm-
mate metho of soluti?n can no longer be considered valid-a t
of 20 foot-seconds ca

7
Ya pitch of. some 6°. As the period is o

(about on-half minute) ?e pilot should have ample time to correc
th~~ux$o; i{ reduces serious consequences.

d
(

-on gust is the o posits of that of the head-on
gust and therefore need not be treaJ se~mataly. For the head-on
gust J is negative; for a rear

r
t, positive.

To calculate the stresses on e machine or operator ca~ed by the

r
t we have merely to tl.ndthe accelerations du/dt snd dw/dtof which

e fit is (apprommately)—

d@t=J~~(.08 00S .187t– .16 sin .187t) – .05J_.

This accelerationreacheaa mtium of some .
a

of the order of
J/IO; and if J should be 20 foot-seconds, the oration would be
only about 2, or 6 per cent of g-not a large amount. The accelera-
tion dw@t is likemse small. (N. B.—The initial acceleration duldt
and dw/dt should vanish, because the gust starts tim zero. That
the initial valuea are not exactl zero in the above formu.kp is due to

Jthe roughn~ of the final talc ations for u and w.)
The.path of the machine varies from the horizontal by the amount

z s= iw+ lls.5e)dt
o
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which accounts for the effect of the vertical velocity and of the cLmb-
ing in the path. The result is (roughly)

sz=J ;“”(.5 cos JWt- .4 sin .187t)dt— .5.@dt,
o

2=~~-(COS .187t+3 sh .187t)+2.5fl-3.i5J.

The motion is oscillatiIY a preaching as a limit z= –3.Ei .J. The
1?machine will rise 70 feet w en me gust is 20 fookeconds heackm.

C-2. Up gw+mild. w,= J(l–e--s).

~=;306 J@, i&-.3o5 J,

~-=J(l– 1.012@): Iw= – .012 J,

Ii-= .000737 J@, b= .000737J,

G= – .000147 Je_-~, ~ k= –.000147 J.

u= Je--~( – .305 COS .187t– .0108 sin .187t) + .305 Jt+,

w =uJ-( – .02 COS2.43t+ .026 SiJl2.4%)+ JGW(.032 cos .187t+
.002sin .187t)+J(l– 1.012@),

f?=c71P~(.0008 00S 187t+ .0017 sin .187t) + .00074_).

The eilect of the up gust is to set u a small long oscillation in u
of magnitude about 0.3 J, a very Sm&?ioscillation m w and a long
oscillation of intensify .00HLJ radians or .11 Jo in 0. he com ar-

$’ative effects on the velocity and mgle in the me of headan an up

r
ta show that the up gust is only about onedhird as eilective as the

eadan gust. The accelerations in the case of the up gust are all
Sma

To fid the displacement in a vertical direction we integrate as’
before.

●

z- j-’?~ w+ 115.6e)dt.

It is scarcely nm~ ~ trouble with the trigonometric terms

E
dly because the motion E less pronounced than in Case 1, partly
ecause there is here the secukmterm Jt, which will carry the machine

up with the gust and will be the chief effect after the lapse of a short
time.

A down gust is in every way tie opposite of an up gust and need
not be sepmately treated.

.
CAHI 3. Way gust-mild. q= J(l–H).

I. = –J(610.6–475.5t@), ~= – 135.1 J. .

Iw= J(86.21–74.87ti), l&= I1.34 J.

I,= J(2.865+ .691t+), &=3.556 J.
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h= -.138 Je-S, Ph= – .138J.

~= Je--4Aw(.46COS 2.4&+ .1875 sin 2.43t)
+ Je-~(134.7 COS .187t– 659 sin .187t)
– J(61O.6 – 475.6e ‘),

IW=Jti@(4.61 COS 2.4%- 16.82sin 2.43t)
+ Je--~( – 15.95COS .187t+ 70.08 sin .187t)
+ J(86.21 – 74.87c*),

~o=J@2W( – .0698 cos 2.43t+ .0223 sin 2.43t)
+ Je-~( -3.487 COS .187t– 2.414 sin ;187t)
+ J(2.865+ .691 e ‘Ox).

The eifect of the rotary grist is a long oscillation in w (the short
one is negligible) of magnitnde about 670 J, a short oscillation in w
of about 17 J and a long one of about 71 J, a long osculation in 0 of
about 4.1 J. The comparison with former cases may be made by
supposing first that the oscillation in u may reach some 20 foot-
seconds. Then J- 1/33=.03. The amplitude of the oscillation
m @is then some 0.12 radians, which is an amount comparable with
the 6° of Case 1. To get an idea of -what J= .03 means, we may
note that if a gust of 20 foo~conds m due to a whirl of the air as
a solid body -mth 1=

L
.03, the radius of the whirl is 66o feet. We

may therefore say t the eilect of a whirl of radius 660 generating
velocity of 20 foot-seoonds is of itself about equal to that of a head-n
velocity of that amoqnt. If, however a machine ran into such a
whirl, It wydd experience both the e~ect of the w%irl and of. the
:.;: VO&c .

T
generatid by it and wodd be disturbed considerably
It had encoimtered a ure head-on gust. We may

ftherefore say that if the head-on gus arises from a whirl of mate-
r@lly less than 660-foot rathus, the effect of the whirl is qoite con-
slderqb$dmger than that dub to a sqht head-on gqst of equal s
m

W?
,, 1’,.

e conditions after eno h time has elapsed to allow the expo-
%nential term .@ become sm is .. ,,

,, ~= -;610.6 J. IW=86.2 J. 1,=2.865 J.
It is therefore seen that the machine takes up the head-oh velocity,

a small upward velocity, and is inchned at an angle 2.865J
r to the horizontal] ~these @ects being due exclusively to
the rotmy motion of the W. The ath in space could be obtained

i!sby integratiorq; but (like the effec piwiously mentioned) would
not be the true path if ‘the rotary motion were accompanied b~
horizontal or vertical linear gus@ It seems ,therefore scsmely
worth while to iind the path.

Th~ vslue that I attach to this heory of rotary gusts does not
arise so much from the fad that such gusts-seem nowhere to have
been treated as from the revelation of the powerful efFectsof such
gusts. When a machine is flying low it must expect to meet air
which has been set in rotation by the fiction of the wind against
the ground, against buildings, -or against trees. It seems certa@
that very material angular velocities might be setup and tb.at these
might (owing to them short radius) induce only moderate linear.
gusts. In such cases, if they can arise as assumed, the machine

-“~. Dec.20S,w-l+
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any sharp

“ ht bebve very much wome than could be forsseen when nohhing
%is own of rotary gusts. It is not unlikely, however, that rotary
gusts wouId be ve

z
irregdar th~OhS and that, before the

machine could fecil e fdl effecte of one, the
Y

t might have dis-
appemed. ti the same wa rotation oould e generated at the

kinterface between dark and “ hb regions of air-indeed
relative motion of the air i9 likely to oontain rotation.

CASE4. Head-cm~. %=JO.-F3_9.
L = –J(I+ .09876@), I&= – 1.09876 J,

~=.1307 J@, Im= .13o7 J,

b = – .00196 J@, ho= – .00196 J,

1’0= +.00196 J@, I’.gO=+.00196 J.

zc=Je( – .000676 cos 2.43t– .000486 Sill2.43t
+ Je---t(0994444 cm .187i– .1528 sin .187t)
– J (1 + .09876&),

w= Je-4.~( – .01405 cm 2.43t+ .02628 sin 2.43t)
+ Je-~( – .1159 COS.187t+ ;01493 Si?l.187t)
+ .1307Jti,

o= J@~(.0001207 COS2.43t– .00000895 sin 2.43t)
+Je-WU .001838 00S .187t– .006755 sin .187t)

$7– .00196 5.

The short oscillation in u is negligible not only in regard to its
magnitude but even as far as accelerations are concerned. Then

du@t=JcW(– .1 cos .187t+ .21 SiU .187t)+ .IJe+.

This is at most about .25 J or”5 foo&secm& 2if J= 20. The short
oscillation in w is considera~ly smaller than the long, but when the
coeilicients – 4.18 and 2.43 are bro ht in by difbrentiating to find
dW@.t,whereas 5– .0654 and .187 are rought in b-y the long cacilla-
tionj it appears that the short oscillation IS effective in detmnbing
the acoebration. Thus

dw@= Je-u(.12 COS 2.43t- .07 sin 2.43t)
+ Je_-w(.O1 COS .187) – .13 J#.

The amount of this acceleration is at most about J/lZ, on~thkd that
in u; the &at, however, is produced very quickly, m the tit half
‘second.

In integrating to find the path in a vertical hme we may negleot
the short oscillation, because in this ease we %vide by -4.18 and
2.43, whereaa for the long osdlation we divide by – .0654 and .187.
Then

J
z= ~’ (w+l15.5f?)&

JiuJ ‘[r~(.106 00S
o

=JF~(2.3 sin .187t+3.5 COS L87t) + .095 J@–3.6 J.

.187t– .765 ei.n .187t)– .096rt]dt
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The &al condition is a rise of –3.6 J, an amount which agre~ with
th@ in the case of the mild gust (Case 1) in as far as the ro@. calcu-
lation of that case permits us to judge.

CASE 5. up gWt-ln&ra&

1.= .0773Je+,

1. = –J (1– 1.205 #),

h = – .003069 J.#,

1’0= .003069 J@,

wl=J(l–rtJ

~o= .0773 J, ,

Im= .205 J,

1~= – .003069 J,

I’h= .00;069 J.

u= J&J*( – .002641 cos 2.43t– .00661 Sill 2.43t)
+ Jt@w( = .07466 cos .187t+ .4034 Sill .187t) + .0773 J@,

W= J&I@( – .2139 COS 2.43t+ .1174 sin 2.&t)

+ J=W(.008943 COS.187t– .02337 sin .187t)–J(l – 1.205&),

0= J@’@(.0009148 COS 2.43t+ .000487 sin 2.43t)
+ Jr-(+ .002154 COS.187t– .001432 sin .187t) – .003069 Je+.

The short oscillation is negligible in u as far as concerns w itself.
In calculating. the acceleration du/dt the shop oscillation is not
negligible relative to the long; but the acceleration is small any way.
The efhct of an up

r
t J on u is about one-third the eflect of an

%
ual head-n gust see Csse 2).

e short osculation is the main thing in .-its amplitude is about
J/4, whereas the amplitude of the long oscillation is about J 40, or

ione-tenth as much. The acceleration o?w/dtmay therefore e cal-
culated exoltuiively from the short oscillation; it IS

dwldt=J&’~(L2 COS 2.43t)-J (1–t+).

This means valuea approximately * follows:

~=o, ?4
ox-c.=0,– .35 J, –% J, –?; J, –%’J.

If J should be 20 foot-seconds the maximum acceleration would
be about /2, even a gust of 10 ~oot-seconds would produoe an accel-

?eration o g/4. Snob acceleration coming upon the pilot in one-half
a second nught considerably surprise and disturb him. An addition
of25t0b0 percent in thea

%!
arant weight of the machine could

%8 strain it to an apyreoia e extant in view of the @ge factor “
J

2
used m the desngn. (N. B.—l?or an up gust J IS negative.

For a own gost the operator would kse 25 to 50 per oent of his
we- ht.)

8 e path of the machine in space is not of great importmce in
this 0ss8. The chief feature is the general drift of the maohine with
the current.

C- 6. Rotiry ql=J(l–d).
b we know so tation in the atmosphere and as

nothing particular of inked seems to be indicated for this case
over and above what was found in Case 3, we shall not oarry out the
calculations.

,

.
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CASE7. Head-m gust-shy. ~= J (1– @).

= –J(I + .01872 d), ~= – 1.01872 J,
::= – .05102 J@, = – .05102 J,
1.3=– .00088!36J@, I:= – .0008896 J,

I’, = 004448 Jfl, 1:0= .004448 J.

U= J@’~( – .005632 GOS2.43t+ .003986 Sin2.43$),
1-Je=~(l.02435 COS.187t– .3294 Sin .187t),
-J(l + .01872 d),

.-

W= J#I*(.1603 COS 2.435+ .1782 Sill 2.4%),
1-Je=~ – .1093 00S .187t+ .0322 sin .187t),

$– .05102 @,
0= J&m(.00026 cos 2.43t– .000984 sin 2.43t),

+ Jt@’@(.000628 COS .187t– .006756 sin .187t).
– .0008896 J@:.

Here again the short oscillation in u is insigticant. The long
oscillation as in Case 4 hss an amplitude a little m excess of J. The
acceleration du/dtissman of the order J/5. The reason that a sharp
he~d gust does not give a large value to d@U is probably because

Y
t can blow thro h the machine; the acceleration is therefore

Tnot mge except at the oops of the slow oscillation.
The shork eriod oscillation in w has noti become stro er than

% Tthe long OSC1ation and the acceleration dw/dt is mostly up to it
and may be written

dw/dt=J@m( – .25 COS 2.4% – 1.13 sin !2.43t)+ .25 J@.

The value of the acceleration never gets lar e because it is damped
%out before the sine term gets efkotiv= er aps —0.4 J would be

d?about its maximum value. A sharp hea -on gust $ ther?fore ~b~~
half as effective as a mod~ate up

ts me erhaps not hkely to e as intense as head-on ~$., we
~%hazar~a guess that shy ‘t ‘f ‘he ‘-emtVWhead-on gusts would mconvemence
the ilot about as much as mo crate u gusts.

Tl! %e most important terms in the pat m space are

Z= Je--(1:2 Sill .l,svt + 3’.5 COS.187t)– 3.5 J.
,

The toikdriseis again –3.5 J. I

(hsE S. Up (J1l-St-8h”p. W,= J(17 H) .

~= .06621 J@, ‘ = ;06621 J, ~
.= –J(1– .5605 ~),I ::= – .4395 J,
Ie= – .00778 J@, 180= – .00778 J,

1’~0=.0389 J@, Pio= .0389 J.

U= J@’U( – .05714 COS 2.43ti- .006 sin 2.43t)
+ Je=~( – .00907 COS.187t+ .3285 sin .187t)
+ .06621 J@, .

‘W=Je+”(.4378 C& Z.@t + 1.947 sin 2.4X)
+-Je_mW(.00181 COS.187t– .03474 fin .1871)
–J(l – .5605 @),

1
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‘ 0=“Je-AIw(.005900S 2.43t– .0122 sin 2.43t] L
+ Je=wt(.001883 cos .187t+ .0008667 sin .187t)
– .00778 J@.

The oscillation ti’ u ~ ‘of long period,’ and th~ acceleration in u is
small. The oscillation in w has a short+eriod term of

f
eat impor-

tance at the start, boutexcept for this there is very lit e oscillation
in w. The acceleration is

dw/dt=”J@W(2.9 GOS2.43t– 9.2 S; ‘i:43t) – 2.8 Jet.
,’

(N. B.—ge v&e ‘of b/dt”’~hen t =0 should be O ins~ad of J/10.
The failureto check seems due to multiplication of errors, which is
unavoidable. The acmrrac of the work m.Case 8 and C~e 5 ap er+rs
reduced to two @mea.) & ze acceleration Mnow very serious in eed;
it h about I—9.2 Je_+m sin- 2.43t, as the -other two terms come
near canceling. The maximum wake occurs when t= .217, a little
o“verone-fifth of-a secdnd, as is then about .- 1.85 J. If J should
be,as large as :– 18 foot-seconds, tlie acceleration would equal g=32.
Cleaily”such a .sh@ gust if it existed wotddbe v dangeroue from
the sudden forces It would bring into play. As %e ‘kmk.hinehow-
ever, would travel onl about 24 feet during tmdifth secon

z
dkit is

reasonable to doubt w ether in so short a distaime so large a c ~~e
in VtiCal ti VCIOCi~could OCCUr. ‘

The path in space ~ found to ~ approximately
,,,

z= – 1.2 Jd-’~ COS 2.43t+ 1.1 J.r~ COS .187t– .1 J@+.2 J–Jt,

The final effect is the general drift with the gust, lwa a lag of J/5.

,, ,,
“THEcoNsiTtAIirix)AEROPLANE. ‘ ~,:

,,
If’ an aero’ lane is’ co~tiained to Temh always horizontal by

Lmech~m w .ch does not otherwise alter the maclune or its d am-
ical pkop.eqties,the equatiops of motion in a,

E
rt may ,be foun from

q~ premous equf$ions by setting @=g=O. en ~

whereF is the effectivefor% due to the constraint apd is ~umed to
aflect moments oily, not ‘&omponentsof ho~ontal or vertical force.
The last equation merely dqterniines F.

With the numericaldata we tid for high speed

(D. + 128)u– .162w = –.12@+.162wU
.567U+ (D +3.95)W = – .557% –3,95w1, ‘

F= – .174(w+wI) + 15Qq,.,,
9 .- ,,
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The natural motion of
steady airis found from

AEBOITAUTICS.

the machine when slightly disturbed in

– ’162 _~+4.078D+.598=0. .
D+3.W

The roots are

‘ D5– 2.039&l.887=–3.926Or–0.152.

We thus &d the fit ra.dt: The machine, when disturbed,do=
not mecute a doubledampedoscillation,but has an aperiodicmotion
of the form

c @~+ 0, @*.
,,

~1 ~~lQamping fadm’s – 3.93 and-– 0:15 lie b&ken the value3
–.0654 reviously found.

$tie unconstrained machine was stable for the speeds 79,51, and 47
mile-houm; unstable for 45.2 mile-hours and lower speeds. If we
take the data for 47 mile-hours and use them for the constrained
motion, we find .,.,,. ,., ,

.
.151 .075

I
-p+ 1.6iD+.150-t), ,

A“ =uD-I-.936 D+l.46
,,, . .

of which the roots are – 1.51and +.10. The natural motion of
the machine is therefore of the form ~-‘:

(J ~ –1.61t+ q ,g .lol+

The second factor indicates instabili~; the motion due to it increases
instead of subsides and reaches 2.78 tinm its original value m 10
seconds. We thus find the second resdt: The machine, when con-
stiedj becomes unstable at a higher speed thaq when &it is
h’ this estent a more dangerous machine.

We shall now retoni to the case of . h speed and compute the
5eilect of certth gusts. on the constrain machine for comparison

with the effect of the same gwits on the free machine. The general
solutions are )

u=.’— .0426 Cl e-~+ C,VL.’U+ Iu,
W=CI e-w—. 147C, e-’~+ Iv. ;

~~ ~?;6~~-~!l!$/y~.
A’u=’–(.128 D+.598) ~+.162 h,, . ~
A’.w= – (3.95 D+ .598) W,– .657 Dul. . ‘

CASE1. Hea.dAm~iLL q=J (l–e-).
-.

Lo= –4.20J,
~:.g2~ $!ek~i20 e ‘)’ Iw = .622 J.
u=4.K3Je–.’U, –J (1+3.19e-~)~
w= —.62Jed~+.Q2 Je-~. .

.’
‘*

●
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The maahinetakm up the
Y

t as before, of oourae. There is no
Osoilktiml. There is praotioa y no aooslerationm either u or w.

.The path m spaoeis

z=J (4.1 e–x~—3.1 e–*)–J.

The total rise B only -J. In every way the motion in this owe is
essiw m the oonstrame&thm m the free aerophme.

CASR2. Up~. w,= J(l-e-~).

1===– .186 Je ‘~,
1. = –J(I– 1.o79eti), ~~j~~~”
u-.186 Je-LU-.186 Je-, “ m .

w=—. 052Je-~~–.027 Je-W–J(l–1,.079 e–~).
,,” ,,,

The motion is again exceedingly moderate in all respeoti.
‘ CASE 3. Roihy gwi%. l’lme oan have no dfeot exoept upon ‘
the constrainingmoment F.

km 4. Eedon gu.st-mabate. ~= J(l–e-~).

1%= –J(l+.1895e-t). ~= ,–.lg95 J,
1.= .2246Je–t, = .2246 J.
u=-.002 Je-L~+ 1.187Je-d~–j(l+ .189e-:),

– .05Je–~– .174 Je-.l~+ .224 Je-~
, %&= – .008 Je-’.W~ .180 Je-.’~+ 1.89 Je-:.
dwjdt- .197 Je-%~+ .027 Je–.’~– .224 Je-L ~
2=1.16 Je-.’22.22 Je-$–.9~ J.

ThMeBm50tionis again deoidedly moderate.
. UPw~. . wi*J(l–e-t).

I.= –.0653 Je-t, L= – .0653 J,
1. = –J(l–l.350 e–t), . IW-.360 J.
u-.0144 Je–3.~+ .0507 e-.le— .0653 Je-:,
w= —.343 Je-’*– .007 e-.l~– J(l - 1.350e-:). .
dw/&= + 1.36Jra”m- 1.36 Je-t. ..

The motion is easy exoe t for thb a60eleration ig w, whioh has a
J’maximum when t= .46 an is then equal to about —.62 J. If the

gust should have an intensity of 10 fooke~?~. thb. maximum
acceleration wouldbe about g/5.

.,,, ,.
CME6. Hegu-st-damp. ,~=J(l–e-~. ; ! “S ,’,,. .

Ia=$-J(l+ .007d5e-5), Z&- –1.008Jj ~

Iw= – .5275 Je–~, IWO- – .5275J. ● -

u=—. 029Je-%~+ 1.037Je-.’J–J (1+ .008 e-q. I

w=. 680.J@w–.152 Je-@-.528 Je–~. “ ‘, i

dwjilt= –2.67 Je-’~+ .02 Je-.’U+6464 Je-w.
g= —.173J;Ls~’+Je ‘.l~+ .103 Je-Q – .93 J.

●
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The motion, includigg acceleration, is moderate.,., ,
CASE7. up gwt-sha~~ w,=J(l – e-~).

1.= .153J~–~, – ~y .153J,

~W=–J(l +3.62Se–~, IT= -4.628J, ,:. ,,
u= – .197Je-Z~+.0& ‘Je–?las .M3 Je-~,

w=4.634 Je–8.~”—.006Je-~a—g(l +3.62S e–~).

The accelerationLdw/&!has a m&im& {hen t= 51~1 when it is
1.44 J. This k.somewhatseriousif J is 10foot-seconds.

We may now ctikulate rouf@y the moment F nqesmry t6 pro-. .
duce the constraint. .

F= –.174(W+W1) + 150g1.,

The last termis edcicti%eonIywhen the machineencountersrotat-
ing air and will be n6glec@dhww., ~ 1 ..-,.

(hsE 1. F=.ll-J(e–+f~e–~). - ‘._,
CASB2. I’EJ(.009e-’=+ .OOb~e>-l~– 1014i’-=).‘“ ‘‘.

CASE4. F- J(.009”e-’*+ .030-eA@- .039 e–:). ~

CAsE5. F= J(.06 e-~~+ .00L2 e–.’?– .0612 ,e–~). “ , ,

CASH6. F=J(– .119 e–~’+ ~0266“e~.’~+ .0924 e-~). -

(kzE 7. F- .811.J(-e–3.~ -J–e-~).

.suMMAitY. ”,.
I have indi~ted the”general qethod,’bssed Orithe theory of small

oscillations, whereby the e uatione of motion of a stable aerophme,
%whether free or cn@@nP to fly without pitch, whether in steady

or gusty air, may be Comple.$elyin
2

ated m such form that, after
a certain amount, ~f rehmmwy

I
culatiop, the effects upon the

motion of a 1
%

e mm er of diflerent gusts ,may be determined with
relative ease. far as I am aware, no iictual method of in

3
ation

titativeyezolts of ,suchan @@ration has pmvio y been
giF e mth the exception of the da@ptive po ular lecture of

ebrook cited abovb. 4I have catri~d through e actual deter-
mination of the tiecta of gusts in the following cases:

Head-n gusts rising from O to J feet per second with various de-
gree3 of

Y
rims.. ) - ,., ,

Up gusto the s~e type.
Rotary gusts of the saine type. -.),
Reax

Y
ts and ,dQwngusts are.i@uded by merely changing the

Siggof . For convenience, it has-been assumed that the machine
is m still air ‘exe t ‘for the gostinesa; as a matter of fact

$ r
ts are .

Usuany superpo9 upon a general steady wind of other t an zero

—.. _ ~—. . .. ~— ,- ~. -—. - .-—.. .... .. . ,, ,, ,—. ,———.—.~—--.-e. — ..-

,’ . . . .. . .: .<. ,, . .. . . . .. .. . -.,..-.,,. ,.’ ,,’ ‘, .,. -. ,,. .
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. .
average veloci~” but the conditions of flight in still air and in steady
air are newly Identical, the only difference being that in- the equa-
$ions of m@on the r~istance derivativ”bs axe calculated @orq the
relative win~whereas U% tlm actual veloci~over the grtnud
‘ Ii! -hasbeW found -@at a stable machine, mth cog@o@ yntou.qhed,
rumpng ih@ a head gust df myious.sharpq~ -and of total intensity .
J foot-sgcoqdadl woo -up, mth some .oscdlahop of no serious char-

{titeF, to a new level a out 3.5 J feet higher than it+ revious level.
?The constrained rnhchine will rise without oscillation o a-new level

MY J feetl or a.t$fle lm, l@her t@m before. ,The pt$h in a’ ver-
$cfl-plaue B in~cateil:ti the dia- drawn for me by Mr: T. H.
Hti. ~R acce~~ratioW arising m the motion, .gre not s.tious for
eith~-the machum or the pilot. ‘ ‘~t~h~. been found furthel that a
iotary gust may hime ~onwderabledkctithough in the absence of
datq as to t$e idensi~-and r~arity of rotation m the air no definite
results can be- -foti~tedi Furthermore we tl.nd tht -up gusts
operate chiefly in M

%
@e machinel whether frm’ or cmstram+,

wn!h the @t. The pa “@ sp”tie is mm in the-dia@am.’ There 16
fhere in the case of sharp gusts a consi erable momentary acceleration

in the vertical which may reach a magnitude of about 1.5 J foot-
mconds.Z This would not seriously str= .tbe machine, which is
dw$gned t?’ stand accelerations of 6 to 8 ‘g in maneuve@, but

d!’--to z~ sudden and ~unexpecte a pearap~ this acceleration
J~~rn$o~ode ~e.pilo~it is ~deed. e f @m ph~omenon of a

1-lti ~~lloti,.. therefore, that the. introduction of Jthe constraint,
whether by5 oscopic or other meams,serve9 only to eliminate the
natural OSC.ation in pitch and to diminish, in the case of the head
or rear gusts-only, the M -change of level. -As a rear gust of 20
foot-seconds is found to drop the uncontrolled machine by more i@m
aOfeet m 15 secoti~, ilight at low altitudm-i--more d- erous in the
unconsha@ed than .in the” cgn@ained. machine. T owever,’ the
elapsed time is suliicieptl.ygreat to enable the pilot to che,~. tlm dip
by a suit~bl~movemaut of h“ elevator. -- ‘ - ‘–- ‘--

To offset ,my advsatages derived-from tie constraint, ~e find that
$his articukm machine, when constrained, becomes unstable at a

$apes between 47 ahd 51 mile-hours, whereas the free machine remains
stable doivn tb”a speed between 45” and” 47 mibhoura.

Id18SAmSETTS Ewcrrmm .OFTEAor@QY,
.

.
_ . Bo~; ~m~., Oc@ber7,1916.
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